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Abstract 

A classical model of the electron based on Maxwell's equations is presented 
in which the wave character is described by classical physics. It uses a circulating 
massless electric charge field which moves in the spherical background of its own 
synchrotron radiation. A finite bound system exists which explains the features 
of the electron, and the wave character of this system yields a tight connection be- 
tween the classical and the quantum mechanic world. The size of the object follows 
from the magnetic moment, and the finite synchrotron radiation requests a quan- 
tum mechanic core with a size determined via the angular momentum. The power 
of the synchrotron radiation yields the elementary charge i.e. the fine structure 
constant a. Two circulations are required to obtain a stable circular orbit which is 
consistent with the description with the Dirac equation. The mass of the particle 
follows from the internal movement with speed of light. The system appears in 
the external world as a standing wave with an amplitude propagating like the de 
Broglie wave. 

Keywords Electron ■ Classical wave model • Spherical wave field 
• Elementary charge ■ a ■ Mass • Wave character 



1 Introduction 

Electrical effects are known for several hundred years. The electron, as particle, has 
been discovered already at the end of the 19th century [ 1 ] and fascinates since then by 
its properties. It plays a fundamental role in the structure of matter, and in science like 
physics and chemistry. Today's technical designs are dominated by its applications. 

The electron is perfectly described either on technical scales as a charged particle 
with its fields or in interactions at small distances by quantum mechanical computa- 
tions. A common view is still missing. 

The properties of the electron are summarized as follows: 

• The electron has an elementary charge Q — —e with a point-like structure. This 
is expressed by an electric field which is described by the Coulomb field as a 
function of the distance r sketched in Fig.[T] 
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Figure 1 : Classical picture of the electron, (a) The electric field points to the charge 
in the center. The Coulomb field is truncated at r e , such that the residual field energy 
corresponds to the mass, (b) The magnetic moment of the electron suggests a current 
to be present. 



S= - Q . . (1) 
47re • r 2 

The problem of the singularity at the origin is usually removed just by a trunca- 
tion at the so called "classical electron radius" r e , by replacing the point charge 
by a charge distribution with radius r e , or by modifying the electric permittivity 
Co appropriately. 

• It has a magnetic dipole moment 

H= -£-.^.2.0024 (2) 

which suggests a circulating charge like in FigjTJb). 

• The electron owns an intrinsic angular momentum, the spin, with 

L s = ~h . (3) 



• It has a finite rest mass 



m e = 9.1M(T 31 [kg] . (4) 



• It shows a wave like behavior at small distances defined 1924 by L. de Broglie |2 1 
with a wave length X related to its momentum p by 



• And from interactions at low and medium energies the Compton wavelength 
Ac = h/m e c = 2.43 • 10~ 12 [m] emerges which describes the size of the particle. 
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The electron obeys the kinematic laws, and it's electromagnetic interactions are 
perfectly described by Maxwell's equations and by their extensions to quantum me- 
chanics. Many models have been built to describe the nature of this particle. The 
simplest ones in the classical region just attribute the rest mass of the particle to the 
electric field energy. It is common to truncate the field at r e and call it the "classical 
electron radius". 

2.8- 10" 15 [m] . (6) 



e 4neo ■ m e c 2 

With the assumption the electron is a surface charged sphere and the self energy 
is the mass energy one has to truncate the field at r£ or for a homogeneously charged 
sphere at r h e : 

f e = -r e = \A- 1(T 15 [m] ; /* = | r e = 1.7 • 1(T 15 [m] . (7) 

But such a model with a specific charge distribution needs an artificial attractive 
force to compensate the electrostatic repulsion in the center [3] [4| |5| |6|. 

Many models exist which put the charge on a circular orbit or on a spinning top to 
explain spin and magnetic moment [7| |8| |9|. Special assumptions have always been 
necessary to cover most of the properties of the particle and special relativity leads to 
discrepancies if one associates the mass to the field energy of a massive electron |5} (6) 

COD- 

The other approach to explain the electron structure comes from the wave mechan- 
ical side. The particle may be modeled by an oscillating charge distribution |3) or by 
the movement of toroidal magnetic flux loops fTT| . Standing circular polarized elec- 
tromagnetic waves on a circular path explain both the spin of the object as well as the 
electric field without a singular pointlike electric charge fT2) . A massless charge on a 
Hubius Helix is described by arguments in analogy to the Dirac equation by Hu p3| . 
Spin, anomalous magnetic moment, particle-antiparticle symmetries are resulting. 

With the spin of the electron in mind Bamt and Zanghi [14| evaluated the Dirac 
equation for an internal massless charge. It lead to oscillations of the charge according 
to the Zitterbewegung predicted by the Dirac equation and detailed discussions on the 
relation between the Zitterbewegung and the helical structure of the electron have been 
done by Hestenes fl5) . 

One is meanwhile accustomed to the view that classical mechanics and wave me- 
chanics describe two different worlds, perfectly described for the electron by electro- 
dynamics and by quantum electrodynamics with its extensions. A wide gap between 
both still exists which is not closed up to now by a satisfactory classical description. 

The existing classical models deal with relativistic charges but disregard the gen- 
eration of synchrotron radiation. Synchrotron radiation is dominant especially if one 
designs an electron by a circulating massless charge field and it turns out that this is a 
fundamental part of the electron. 

It is the purpose of this paper to show that the electron may be described by an 
electromagnetic wave also in the classical region and thus a smooth transition between 
classical electrodynamics and quantum mechanics is established. 
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1.1 Outline 

The electron will be described in the present paper by the dynamics of a massless 
charge. The creation of such a massless charge field e.g. by an annihilation of an 
electron-positron pair is visualized by the Feynman graph in Fig. [2] One expects that 
the high energy density at the interaction point leads immediately to quantum mechan- 
ical processes which decide on the particle family such as electron, muon or tau. There 
is still time of the order of h/m e c 2 = 10~ 20 sec for the electron to generate its elemen- 
tary charge and its mass. 

• First in this paper a massless charge field is considered which moves with speed 
of light on the most simple, a circular orbit to investigate its radiation. 

• The synchrotron radiation of this charge is described by the inhomogeneous wave 
equation which is solved numerically. 

• The resulting properties of angular momentum and radiation power give a first 
opportunity to compare these with the properties of the real electron. 

• The solution of the homogeneous equation describes how the radiation propa- 
gates in space. An expression of this solution in spherical coordinates yields a 
background wave which propagates in azimuthal direction. 

• The electric field lines within the spherical background field are investigated 
because they guide the charge through the radiation field. 

• The conditions are investigated under which charge and radiation form a finite 
system which can be considered as the electron. 

• The results on the properties of such an electron are discussed. 

2 The Synchrotron Radiation of the Circulating Charge 

In the Feynman diagram in Fig. |2]it is assumed that a massless charge pair was created. 
Such charges move with speed of light J3 = v/c = 1, will immediately be deflected by 
radiation processes, and may form central background fields in which they are bent 
onto circular paths. 

The radiation of a charge is described by the solutions of the inhomogeneous wave 
equations for the electric potentials of the charge A and <t> e.g. expressed in Cartesian 
coordinates |16| with charge- and current-densities p and j: 

1 d 2 A 

= -W; (8) 

c 2 dt 2 £q 
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Figure 2: In this picture an electron- 
positron pair with masses m e is an- 
nihilated at high energy and creates 
a virtual massless charge pair. The 
decision for either an e—, ju— , or a 
T— pair is made inside the quantum me- 
chanic volume Vqm and within about 
t = h/m e c 2 — 10~ 20 sec for an elec- 
tron pair the elementary charges and 
the masses will then be formed. 



The propagation of the radiation is described by the homogeneous wave equation. 
(<t> = may be chosen) 

- 1 d 2 A 

AA- ? ^ = 0. (9) 
This equation is discussed in section [3] 

Solutions of the inhomogeneous equations for point-like charges are the retarded 
Lienard-Wiechert potentials [16| which are also valid at relativistic velocities 

•fc','Vfl) = 4^^| (10) 

A(f,t,r Q ,t Q ) = ^^p. (ID 

c 

An Observer P(r, t) receives the fields from the circulating charge Q from an earlier 
position Q(fQ,tQ) sketched in Fig. [3] The vector/? is given by R = r—fQ(tQ) and v is 
the velocity of the charge at the emission point. When the charge reaches go at time t 
the length R is as long as the arc (Q, go) for jS = 1. 

One computes the distance R between P(r, q>,t) and the charge for each position 
of Q, (pQ, d-Q = 7C/2 in spherical coordinates by 



with 



R 2 = r 2 + rg-2rr G sin#cos(<p-<p e ), (12) 



<Pq = (O tQ, tQ = t —R/c and (B = j3c/rg one gets (13) 
(p-q>Q = (p-cot + j5R/rg = (l)+j3R/rQ, with (j) = (p-(at. 



One obtains 



R 2 r 2 r R 

-T- = -^ + 1-2— sin # cos (</>+£ — ), (14) 
r Q r Q r Q r Q 
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Figure 3: An observer at position 
P(f,t) looks at the fields of a charge 
traveling on a circular orbit with veloc- 
ity v. He detects the fields which have 
been emitted at Q at an earlier time fg. 
For |v| = c the distance R equals to the 
length of the arc {Q(t Q ), Q (t)) 



and the component of R along the velocity v is then given by 

R v =flv/v = rsin#sin(0+/3— ). 

r Q 

With these definitions the electric and magnetic fields 



S 



V4> 



dA 

d7 ; 



jr= — VxA. 

Mo 



are given by p6) . 

i = 



47T£() 



(1-/3 2 



R-Rl Rx((R-Rl)xdv/dt Q ) 
'FRF + " c 2 (/?-/3/? v )3 



e c- -tex <?1 



(15) 
(16) 

(17) 
(18) 



and can be transformed to spherical coordinates with spherical components. 



The first term in the brackets of equation ( 17 1 describes the field "attached" to the 
moving charge and the second term which contains the acceleration yields the radiation. 

For a circular track in the horizontal plane the denominators of both terms become 
zero for j3 — > 1. The first term vanishes for points distant from the singular charge. 
The singularities of the fields in the second term arise when R is tangential to the 
track i.e in the plane of the orbit. All singularities are located in this plane at R/rg = 
\J { r / r o) 2 ~ 1 at r — r Q- They lead to huge energies close to these singularities and 
must result in quantum mechanical phenomena. With semi-classical arguments and 
Heisenberg's uncertainty principle one expects the point charge to oscillate around its 
origin and generate on the average a finite charge distribution. The region of these 
singularities at # = n/2 has to be excluded in classical considerations by appropriate 
cuts. 

The second term shows how the charge field is embedded in its own synchrotron 
radiation. It will be shown that a circulating charge may generate a circulating elec- 
tromagnetic wave to which it is bound. It is found that the interaction of a circulating 
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charge with its radiation field yields a solution with finite energy and angular momen- 
tum and forms a classical model of the electron. 

One may compare this classical treatment with quantum mechanical descriptions of 
the electron. With the knowledge of the electron as a spin-l/2-particle it is described by 
the Dirac equation. One finds that the point like charge moves along circular or helical 
paths with a circumference given by the Compton wave length and is described as the 
"Zitterbewegung" (e.g. [ fl4| |fl"5|). Detailed discussions of the radiation are usually not 
done. 



The evaluation of the radiation parts of the equations (17i and ( |T8] > in spherical 
coordinates yield the spherical components of the fields: 



<'■<[> 



AneoArr 2 Q (R-BR v ) 3 
e ' -B 2 



Ane Q Arr 2 Q {R - BR V ) 3 sin# 



(R + r Q ) 2 -r 2 }[(R-r Q ) 2 -r 2 } 
HBr 2 Q RR v 



r Q 



Ane Q 2rr 2 Q (R-BR v ) 3 sin# 



BR[R 2 -r 2 Q + r 2 (l -2cos# 2 
-R v {R 2 +r 2 -r 2 ) 



(19) 
(20) 
(21) 



An 2r 2 jR-BR v f 



[j3r e cos#(fl 2 -r 2 + r 2 Q ) 



r Q 



An 2r 2 Q (R-BR v ) i sin# 
ec —B 2 cos 



B(R 2 



- r + rg) cos ■& 
-2R(BR — R Y ) 



An2r 2 Q (R-BR v f sin# 
With these fields the following results are obtained 



[2B^R v +R(R 2 -r 2 -r 2 Q )} 



(22) 
(23) 
(24) 



2.1 The magnetic field 

The massless circulating charge field on the circular track should behave like a classical 
circular current. Therefore the mean magnetic field of the charge field in the mid plane 
is compared with the magnetic field of a current loop with radius rg and a current of 
/ = ec/2nrQ. The magnetic fields were determined in the mid plane (■& = n/2) for 
r < tq and Fig. |4] shows that the crosses from the charge field are on top of the curve 
from the current. 



2.2 The electric field of the radiation part 



When for a circulating charge B approaches 1 the radiation term of equation ( 17 1 yields 
the dominant contribution to the electric field. The mean radial field should be equal to 
the Coulomb field, in the present case to the field of a charged ring. 



7 



3i 



[A/m] 




[V/m] 



Figure 4: The size of the magnetic field 
in the plane of a circular current loop 
with a radius rg and with a current 
of / = ec/lnrQ is shown as full line 
as a function of r. The values of the 



10 10 2 10 3 10 4 10 5 
r/r Q 



mean magnetic field of eq.(23 i at # = 
n/2 inside the circle are inserted as x- 
symbols and are on top of the curve. 
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Figure 5: Comparison of the averaged 
electric field S r of a charge Q = +e cir- 
culating in the horizontal plane at a dis- 
tance rg (+-signs) with a field of one in 
the center (full line) as a function of r. 



Figure 6 
eq 



Radial electric field given by 
19 1 at r = 10 3 rg averaged over 0, 

as 



and normalized to the field at # = 0. 
a function of the polar angle #. 



The comparison of the electric field of two charges e, one circulating at a radius 
rg and one fixed at the center is made in Fig. [5] The full line represents the centered 
charge, and the +-signs come from the radial radiation field of the moving one given 
by eq.([T9|. The latter was averaged over the surface of the sphere with radius r over the 
interval [10~ 4 < A0 < 2n] with A0 the deviation of from the singularity, and over 
[0.001 < & < 0.82 n/2] (and symmetric to the mid plane). 

The field is still not spherical symmetric at a distance of r = 10 3 rg as shown in 
Fig. [6] It is averaged there over A0 and normalized to that at # = 0, and is displayed 
as a function of #. It dominates close to the mid plane as expected. 



2.3 The angular momentum of the radiation field 



The fields of the radiation parts of eqs.( 17 1 and ( 18 i generate strong waves in azimuthal 
direction and thus cause an angular momentum. It depends on the azimuthal flux which 
is given by the Poynting Vector: 
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= g x JT. (25) 

At relativistic velocities it is directed into a narrow cone in forward direction at the 
circulating charge fT6| . Its azimuthal component dominates close to the orbit and is 
seen at far distances as a radial component. It leads in technical devices to a permanent 
energy loss by radiation. 

An electron model requires a constant energy which is performed by the reflection 
of the radial waves at the open end at infinity. These incoming waves are absorbed 
again by the circulating charge and provide a constant current. They form standing 
waves in radial direction and with the standing waves in ^-direction only a mean flux 
in ^-direction is present. 

For the last revolution of the charge moving with speed of light the azimuthal waves 
concentrate to regions close to the orbit. An observer at (r = rg, <p = 0) will see the 
field just on arrival time of the charge. But the radiation which was emitted by a charge 
at <Pq — —2n reaches an observer at q> = at r = rg + 2nrQ when this charge again 
arrives at <p = 0. This limits the volume in which the radiation should be investigated 
for one circulation. 



The singularities in eqs.(19i to (24i show up also in the flux and have to be ex- 
cluded. The angular momentum was therefore investigated in a toroidal volume with 
variable inner radius p\ as sketched in Fig. [7] 

The angular momentum is then given by 

1 r- - - a 



L= / S 9 (<p,p, <E>) r sin # pdpd<$>d(p (26) 

and is independent of the radius of the circulation tq. 

The Poynting vector Sm is computed at the observer and integrated from Pi/rg to 
the fixed outer border at pijrq = 1 with cutting residual spikes. The angular momen- 
tum for one circulation of the charge in units of h is plotted in Fig. [8] as a function 
of the inner radius p\. One expects an angular momentum of 1 h, or predicted by the 
Dirac equation of 1/2 h but with two circulations. The respective values for pi are 
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Figure 8: Angular momentum of the syn- 
chrotron radiation of an elementary charge 
moving on a circular path with radius rg 
with speed of light. The radiation was 
integrated in a toroidal tube sketched in 
Fig jT| from the variable inner radius p\ to 
Pll r Q — !■ The coordinates for L = \h and 
Q.5h are marked. 



Figure 9: Power of the synchrotron 
radiation of the charge described and 
integrated like in Fig (8] At the inner 
radius p\ which was found for L = 1 
the power is 1.2 - 10 7 [W]. 



pi(l) = (1.2±0.2) • l(T 2 r e andpi(0.5) = (1.8 ±0.3) • l(T 2 r e and yield in this con- 
text the dimension of the quantum mechanic volume for all leptons. 

2.4 The Power of the Synchrotron Radiation 

The mean power of the emitted synchrotron radiation is given by the component of 
the Poynting vector Sy. The components in r- and ^-direction vanish on the average 
because of the standing waves in these directions. The power is than computed by 




and averaged over all possible <p. 

Again, the upper radius of the torus was fixed at P2 = 1 and the lower radius p\ was 
varied and residual spikes from the singularities were cut. The result is shown in Figj9] 
At pi(L = 1) = (1.2±0.2) • 10~ 2 r e and with r Q = 3.9 • 10~ 13 [m] (s. next section) the 
poweris (1.2±0.4) • 10 7 [W]. 

2.5 Interpretation and Comparison with Experimental Results 

It was shown in Fig. [4] that the magnetic field of the charge field is equivalent to the 
current loop with / = ec/lnrg. From the experimental value of the magnetic moment 
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He = 9.27 • 10 24 [Am 2 ] and fi = Ir^n the radius of the circular path in the present 
model results then in 

r e =2^,/ec = 3.86-l(T 13 M (28) 
which determines the size of the electron, and the inverse we need later is calculated to 

fc = 2.59-10 12 [m -1 ]. (29) 

The fundamental frequency is then 

27T • C 

co = c/r Q = 7.76 • 10 20 [s~ l ] and its wavelength X = ^ . (30) 

A theory based on the Dirac equation leads to half of this wavelength but with two 
circulations (T5) | jl~5| . 



The singularities in the field equations ( 19 1 to (24i were removed by the argument 



that quantum mechanics leads to fluctuations in the position of the pointlike charge 
and generate a finite charge distribution. Its dimension was estimated via the angular 
momentum of the radiation which should be L = lft or 0.5h. Radii of 

r eM = (1.2±0.2)-10- 2 -r e = (4.6±0.5)-10~ 15 [m] for L= lft and 
r QM = (1.8 ±0.3) • 10~ 2 ■ r Q = (7.1 ±0.1) • 10~ 15 [m] for L = 0.5ft 

were obtained. They are compatible with the cut-off radii r e of 1 3 • 10~ 15 [m] of 
section[T]but differ in their definitions. The radii r e are computed with a static electrical 
field whereas the cut-off radii tqm here are obtained in a dynamic environment. 
The magnetic moment is usual expressed in quantum mechanic units: 

pi e = 1.001 \6{eh/2m e ). (31) 

The wavelength belonging to the fundamental frequency co expressed in these units 
becomes then 

X e = 2%r Q = \MU6-h/m e c, (32) 

which is just the Compton wavelength of the electron. 
Quantum mechanics predicts the energy according to 

E = fto) = 8.19-10" 14 [7], (33) 

which is consistent with mass energy m e c 2 of the electron. 

Moreover the interaction of the electron with the photon results in the lowest angu- 
lar momentum of L = 1ft. With the now traditional chain of arguments one gets (with 
radius r, energy E, circulation period T) 



E T 

\h = L = r p = r- - = — E. (34) 
c 2k 
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The power of the radiation is 

E E 2 
P = — , and leads to 27th = — . (35) 

The synchrotron power for circulating electrons is dealt with in many text books on 
electrodynamics. A detailed elaboration by Iwanenko and Sokolov |24| is documented 
in section I 



6. 1 and yields 

9 

e • c 

P = ~- • Sum (36) 

Where Sum is the sum of integrals for the different contributing modes. For the funda- 
mental mode n = 1 only, one gets Sum = 0.5 and e.g. the sum over n = 1 4- 20 leads to 
Sum = 20. With P = 1.01 • 10 7 [W] which corresponds to Sum = 22 and which is close 
to the computed P=(l.2± 0.4) ■ 10 7 [W] one obtains the elementary charge 

e 2 1 

e= 1.6-10~ 19 [C] or a = = . (37) 

1 1 Anetfic 137 

It documents that the electron is a dynamic object. 

From the reproduction of the experimental values with this simple picture of a 
charge moving on a circular path with j3 = 1 one must conclude that solutions with a 
circular orbit dominate but many radiation modes contribute which will also be con- 
cluded in sections 3.4 and 3.5 Calculations with a charge distribution instead of a point 
charge should also provide values closer to reality. 



3 The Solution of the Homogeneous Differential Equa- 
tion 

In the previous sections the charge was forced onto a circular track. It radiates perma- 
nently to balance its momentum and may only be stable if the emission of radiation 
is compensated by absorption. If this picture yields a model for the electron one must 
show that the massless orbiting charge embedded into the radiation field may move 
along stable tracks and that the whole electromagnetic object must be within a finite 
volume with finite angular momentum and finite energy. 

The synchrotron radiation will now be investigated and the possible field lines 
which guide the charge will be determined. 

The propagation of this radiation as any free electromagnetic radiation is described 
by the homogeneous differential equation, the wave equation d9l. 

The wave equation is usually solved in Cartesian coordinates in which the com- 
ponents separate and the subsequent transformation to cylindrical components allows 
for the investigation of multipole properties 1 17]. One is interested here in spherical 
components as considered with the inhomogeneous equations in section [2] 

The wave equation in vacuum for the source free vector field A in a spherical coor- 
dinate system which yields directly the spherical components has the form 

Vx(VxA) + 4tT=° (38) 
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The same equation is also valid here for the electric and magnetic fields S and 3€ '. 
(The substitution of V • V by A is only valid in a Cartesian coordinate system.) 

If one writes A as a product in spherical coordinates, e.g. for the space component 



and with 



A r = gg r {x) ■ © r (i>) • ■ &{t) 

3T(t) = e ±im and 

<D(<p) = e ±im 1 > , k=CO/c, kr = x 



(39) 



(40) 



the wave equation separates in the coordinates, and one obtains equivalently 2 solutions 
also for both $ and 3^ which are interconnected via Maxwell's equations. (For details 



see the Appendix 6.2 ) 



3.1 Solution with standing waves 

Special solutions, finite and smooth at the origin are obtained from the general solu- 
tions (Appendix eqs.(70i to (75l) with the Spherical Bessel functions of the I st kind 
j n (x) |l8) fl9) . They describe waves in <p-direction and have standing waves in x = kr 
and Their real parts yield one complete solution: 



J% = (41) 
Jfy = -C k C m eck 2 (2m-l)P™ll($)j m {x)cos(m(p-kct) (42) 
Jf 9 = C k C m eck 2 P™- l ($)j m (x)sm{m(p-kct) (43) 

S r = - CkC "' ek2 ( m + W — cos(m(p - kct) (44) 

£ X 

= - CkCmek2 ^ ■ [(m + 1) j w _! (x) - mj m+1 (x)] (45) 
£o 2m + 1 

• cos(m<p — kct) 

C k C m ek 2 2m- I u 

* = £o Tm+l^- 1 W (46) 

\(m + \)j m -\{x)-mj m+ i(x)])mi(m<p-kct) . 

The P'"{'&) are the Associated Legendre Functions, and the factors in front are 
chosen to give the right dimensions. Q and C„, are normalization constants. The wave 
functions are unambiguous for m = 1,2,3,..., and the separation constant k determines 
the size of the whole object. 

The second complete solution is the set in which the electric and magnetic fields 
are interchanged. 

The general solution of this central wave is then a sum over all the harmonics 
m and over the wave numbers k, with the coefficients C m and Q, chosen to satisfy 
the boundary conditions. If this central wave should describe the propagation of the 
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Figure 10: Sketch of typical field lines of the -J?- and the S -fields for m = 1. The 
spheres in a) on which the maxima of Jf? are located are also shown in b). 



synchrotron radiation of a charge on the special circle assumed in chapter [2] then the 
dominating value of k is already fixed by eq.(29 1. 



The discussion in section 2.5 suggests that solutions with L/ti = m = 1 should 
dominate. These are mainly discussed here and the respective Bessel functions are: 



jo(x) 
h W 



- sinjc; 



1 



■sinx — cosx 



(47) 



1 sinx - 



They decrease all with l/x and subdivide the fields into radial shells with alternat- 
ing field directions from one to the next. A sketch of the fields and S for m = 1 for 
the innermost shells is displayed in Fig. [TO] 



3.2 The massless charge in the central wave 

Now it will be investigated how the relativistic circulating charge behaves in the elec- 
tromagnetic background field given by eqs.(41 1 to ( |46| . A charge moving in the wave 
field with velocity v sees an effective electric field (S + jJ.ov x Jff) which forces the 
charge to follow the field lines. This is possible by emitting radiation to balance the 
momentum. 

To trace the field lines, a massless charge probe which moves with speed of light 
and which just follows the effective field was inserted and its track under different 
starting conditions was recorded. Such field lines were determined for waves with 
m= 1, m = 2, and m — 3 and for many starting points. A smooth field line has always 
been found for each condition and the field lines stayed in the mid plane if started there. 

Especially simple field lines are obtained for m=l if started at <p = — n/2 where the 
azimuthal electric field has a maximum. As an example four special closed field lines in 
the mid plane ($ = 7C/2) are drawn in Fig. 1 1 The axes are the Cartesian coordinates 

i//) of x. There is the circular line with a radius of x = m = 1, the next one oscillates 
towards the center, and the next oscillates around x = 2. The one oscillating around 
x = 3 shows counter rotating loops. These small loops become more and more flat 
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Figure 11: Four selected closed ef- 
fective electric field lines in the cen- 
tral wave with Bessel functions of the 
I s ' kind with m = 1 seen by a charge 
moving with |v| = c. The circular one 
has a radius of x — I. The next, started 
at (<!;, y/") = (0,-1.5) oscillates towards 
the center, one oscillates around x = 
2, and the outer one at x — 3 shows 
counter rotating loops. Shown is the 
mid plane # = n/2 in Cartesian coor- 
dinates of (x, <p): (<!;, y/). 



for field lines further outward. The field lines can cross each other because they are 
functions of the coordinates and of the velocities as well. 

A probe opposite in charge moving opposite to the origin finds the same field lines. 

For waves with m = 2 and higher the results differ due to the different symmetries 
and due to the phase velocity in azimuthal direction which is c at a radius x = m. 

Smooth field lines have also been obtained outside the mid plain. They are similar 
to the ones already discussed but oscillate vertically. 

One sees already how the system dynamically may behave: the charge will emit 
radiation to follow the field lines. This is a stochastic process and the resulting charge 
track will cross in general the azimuthal background wave. It will absorb then radiation 
energy until it moves again in the azimuthal direction. 



3.3 Summation over harmonics and wave number 

The Bessel functions decrease only with 1 jx which results in an infinite angular mo- 
mentum and an infinite energy of the circulating wave in total space. A superposition 
of solutions with different m and different k might cure this problem in spite these pa- 
rameters appear both in the Legendre Polynomials or in the Bessel functions and in the 
phase of the wave as well. 

The angular momentum of the circulating wave integrated up to x = x max is dis- 



played in Fig. 12 It is independent of k and the momentum for m = 1 only, with 
C m = C\ = 1, increases with x max to infinity with periodic steps. If a Fourier like ex- 
pansion in <p is applied to yield a finite result, already the addition of one counter rotat- 
ing contribution with m = 3 and the coefficients C3/C1 = 0.056 leads to a constant but 
still oscillating result. An inclusion of terms with m = 2 and m = 4 had minor effects. 
Higher terms could not be tested because of the limited accuracy of the computing 
program. 

The electric and the magnetic energy of the central wave sum up to a constant 



energy density dE/dx respective to x as displayed in Fig. 13 for m = 1. This would 



lead to an infinite total energy as expected from the Bessel functions. 
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Jl/fl 





Figure 12: Angular momentum 
of the central wave in units of h 
integrated up to x max . The curve 
with " m=l" displays the contri- 
bution with m = 1 only. In "m=l 
- m=3" a counter rotating solution 
with m = 3 is added. C m = C\ = 1 
and C m = C3 = 0.056 were used 
(vertical axes unsealed). 



Figure 13: Energy density 
dE jdx of the electric (■ ■ ■) and the 

magnetic field ( ) of the central 

wave, and the sum of both (solid 
line) as a function of x for m = 1 
(vertical axes unsealed). 




Figure 14: j\ (x) and the truncated 
function which was expanded in a 
Fourier-Bessel series. 




15 x 20 



Figure 15: Total energy den- 
sity dE tot /dx after the replace- 
ment of k in the central wave 
by Xik and summed with coef- 
ficients obtained by the Fourier- 
Bessel expansion with the trun- 



cated function like in Fig. 14 
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Again an expansion is needed to obtain a finite value. The functions (41 1 etc. may 
be considered as members of a Fourier-Bessel expansion J20[ pT) : 

f(r) = ^Aijmfar) = £>; m (A,x) (48) 

i i 

This may obviously be applied at t = 0. If e.g. for m = 1 j\ (x) in (x) is substituted 



by the truncated function shown in Fig. 14 and expanded in the region < x < 40 the 



sum contains 12 terms. The expansion extended to all fields leads to reasonable results 
in spite of k occurs also in the wave part and in different Bessel functions. The resulting 
energy density shown in Fig.[l5]would expect a finite total energy to be possible. Such 
a superposition would obviously also create a finite angular momentum. 

These results show that solutions with stable and finite angular momentum and 
energy are possible but need in general a superposition of infinite terms i.e. infinite 
conditions. 



3.4 Special solutions with Bessel functions 

The investigation of the spherical waves was also extended to those with Spherical 
Hankel functions. They yielded however only simple field lines if I st and 2 nd Hankel 
functions with equal parameters were added i.e. if they are combined to Spherical 
Bessel functions of the I st kind. 

Especially simple field lines were found if the fields of eqs.(|4"T)i to ( |46| were com- 
bined with the 2 nd solution in which and § are interchanged and this inverted 
solution is shifted for m = 1 by A<p = ±n/2. 

The field lines approached always a horizontal circle around the center with radius 
x = 1 but with constant vertical positions £ at about +1 or —1 for A<p = — n/2 or 
+n/2 respectively. Both solutions combined average out to one with the circular field 
at £ = 0. 

The sum of two such combinations with A<p = ±n/2 shifted by A£ = +1 or — 1 
respectively yielded such circular field lines now at £ = if they were started within 
a volume of about (£,, V, C) = (±2, ±2, ±3). This result would be compatible with a 
circular track in the mid plane described in section [2] 

The graphs in Figs{l6] and [17] are examples for such shifted combinations with 
|A£| = 1 and for field lines started in the mid plane at the Cartesian coordinates x = 
(0,-0.2,0) and x= (2.1,2.1,0) respectively. 

When started above the mid plane at x = (0,-1.5,0.5) the circular line is ap- 
proached exponentially as shown in Figs. [l8]and[T9] 

Such centered circular field lines at £ = are also obtained for |A£| down to about 
0.5. For 0.2 < |A£| < 0.01 the field lines form unknotted trefoils like the one in fig 11 
but slightly bulged. 

Corresponding results were obtained for m = 2. The field lines approached now a 
circle with radius x = 2 when A<p = n/A. 

The superposition of two circulations is similar to the description with the Dirac 
equation in which the charge moves on a Hubius helix p3] . 
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Figure 16: Effective electric field line in 
the central wave with Bessel functions for 
m = 1. To the fields of eqs.pT) to (RSI the 



set with inverted § and were added with 
a shift of A<p = +7t/2 and — n/2 and the 2 
pairs were displaced by A£ = ± 1 . The field 
line was started at the Cartesian coordinates 
(^,Y,Q = (0,-0.2,0) and moved to the 
circle with radius x = 1. 



Figure 17: Field line like in 



Fig 16 but started at (2.1,2.1,0). 





Figure 18: Field line in the central wave 
with Bessel functions like in Fig 16 The 



field line was started above the mid plane 
at (£,r,C) = (0,-1.5,0.5). 



Figure 19: Vertical position of 



the field line of Fig 1 8 as a func 



tion of the step number of the sim- 
ulation. 
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3.5 Angular momentum and energy. 

In the configuration described in the previous section the massless charge is forced to 
follow the only possible track, the circular field line. Emission and absorption of radi- 
ation are concentrated there. The spherical background field thus will shrink towards 
the track of the charge which selects the appropriate superpositions in the solution and 
total angular momentum and total energy of the wave become finite. An extended 
simulation would be necessary to show the details. 

4 On the Mass of the Electron 

The electric field of a moving electron transports energy as well as momentum. The 
energy of the rest mass m e c 2 is generally assumed to equal the self-energy of a suitable 
charge distribution. The kinetic energy of a moving charge, on the other hand, yields 
different mass energies via the momentum calculated with the Poynting vector and 
via the energy of the magnetic field of the current. This is in contradiction to special 
relativity gj (5) (TO). 

One expects that for a particle with the Cartesian coordinates (x\ ,X2,x?,) the energy 
transforms under Lorentz transformation e.g. in the x\ -direction like E$ — yE and the 
momentum like (p^p^) = (pypi,p23) and E^' — (p^c) 2 = E 2 — (pc) 2 = (mc 2 ) 2 
should yield the mass of the object. This is not true for the massive electron if one 
associates the mass with its field energy because energy and momentum of the field 
don't form a 4-vector. They belong to an energy-momentum tensor 7^ v |22) |23) | [25] , 
with 

Too = P £ = f^ 2 + f^ 2 ; (49) 
Tot = -pf c=-Si/c; 

T^v^Tv^, mdi,k= 1...3, /i,v = 0...3; 

p E , pf are the energy and momentum densities of the field, S is the Poynting vector, 
and Tjk Maxwell's stress tensor. 

Lorentz transformation yields then the energy and momentum of a conventional 
charge moving with velocity v/c = j3 

EP=j p E Pd 3 x? (50) 

= yJ(Y 2 Too + (Y 2 - l)T n )d 3 x, 
p P l c = jp^d 3 xP 

= -pYj{Too + T n )d 3 x, 
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pP, = J flgrfv 

= -P J(Tn,3)d 3 x = , 



and for the rest mass from energy and momentum squared 

2 



2 V 2 

pP c 



f 



J (ToQ+p 2 T u )d 3 x -jSV J (Too + T n )d 3 x 



(51) 



Variables without the superscript j3 indicate that they apply to the rest frame. 

In these equations neither the field energy nor its momentum show the proper de- 
pendence on 7 and the rest mass is not constant. One might substitute the pointlike 
charge by a charge distribution at the origin of the electron to avoid the singularity of 
Coulomb's law J25) . But when a constant charge distribution is inserted inner forces 
result which have to be somehow compensated. One must require T\\ = if eq.(51 1 
should be valid at any particle speed. 

The situation in the present model is different: The singularity is removed by the 
statistical oscillation of the point charge and this charge distribution moves with /3 = 1 . 
The field energies are again the self energies now without the singularity. If one takes 
a differential section of the circular path where the charge moves in the 1 -direction 
eq.(51 1 becomes now 



E P 7 



-pP c 2 



= r 2 
-PV 



J(T m + T n )d 3 ; 
{T m + Tu)d 3 x 
(T ()0 + T u )d 3 x 



-l 2 



(52) 



This is constant and may be defined as the mass energy of the section, and integrated 
as the mass energy of the charge m q c 2 . 



2q£o i i 2 d\ 



(53) 



In addition there are the energy of the background wave E w and an additional energy of 
the quantum mechanic center E c . They all add to the total mass energy of the electron 



1 1 

m e c = m q c + E w + E c . 



(54) 



5 Conclusion 

The presented investigations suggest that the classical electron can be described by a 
circulating massless charge field with its own synchrotron radiation included. 
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The circulating charge with j3 = 1 is totally embedded in its own radiation field. 
The Coulomb field is that of a charged ring and deviates from point symmetry at 
small distances. 

The radius of the track is derived from the experimental value of the magnetic 
moment and is obtained to rg = 3.86 • 10~ 13 [m]. It represents also the size of the 
object. 

The values for the circulation frequency and the associated wavelength of the cir- 
cular radiation, the Compton wavelength follow directly, and with Planck's constant ft 
the mass of the electron is obtained according to the definitions. 

A small volume around the singularity of the charge fields has to be cut out. Quan- 
tum mechanical effects will dominate there, e.g. strong oscillations around the origin 
are expected which will result in a finite charge distribution there. 

The angular momentum is carried by the radiation field. The contribution of the 
quantum mechanical volume should be small. The expected angular momentum of 
L = lft yields then the extension of the field and the size of inner volume to be cut. 
The radius of the quantum mechanical center is found to be (1.2 ±0.2) • 10~ 2 -tq — 
(4.6 ±0.5) • 10~ 15 [m] compatible with the "classical electron radius" r e . An angular 
momentum of L = 0.5ft connected with two circulations which is predicted by the 
Dirac equation yields a radius of (1.8 ±0.3) • 10~ 2 • r Q = (7.1 ±0.1) • 10 
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m 



The power of the synchrotron radiation with these cut-off radii in mind was de- 
termined to be (1.2±0.4) • 10 7 [W]. With the theoretical power of 1.01 • 10 7 [W] one 
computes the elementary charge to e = 1.6- 10~ 19 [C] or a = 1/137. 

The mean electric field of the radiation part of eq.(17i reproduces the Coulomb 
field. The field is however not spherical symmetric but it dominates at short distances 
close to the plane of circulation as expected for a charged ring. 

The solution of the homogeneous wave equation describes the propagation of the 
electromagnetic waves in vacuum. This background field may be formed during the 
creation process of the electron and be maintained by the synchrotron radiation of the 
charge. When evaluated in a spherical coordinate system it leads to a central back- 
ground wave circulating in ^-direction with a phase (m(p ± kct ). 

A solution with Spherical Bessel functions of the 1st kind results in finite fields 
with standing waves in radial directions. Electric field lines in this wave seen by a 
charge moving with speed of light are smooth for each point and direction and may be 
suited to guide the charge. However the total angular momentum and the total energy 
of this radiation field are in general infinite over the whole space and the fields are not 
confined in the volume of the electron. Fourier like expansions with solutions summed 
over m, or x replaced by XjX and summed over A, show that finite solutions are possible. 

If one solution is combined with the 2 nd one in which the fields and § are 
interchanged and the inverted one is shifted by A<p = +n/2 or — n/2 for m = 1 the 
field lines approach always a circle with radius x = kr = 1 . This circle is in the mid 
plane if 2 such pairs appropriately vertically shifted are combined. The charge will 
follow this circular field line and emission and absorption of radiation will concentrate 
at the track, and force the background wave to shrink close to the circle. The object will 
become finite. This resembles the prediction of the Dirac equation that two circulations 
are present. 

The charge bucket moves with j8 = 1 . The inner tensions which normally occur at 
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lower speed if one replaces the singularity by a constant charge distribution don't exist 
and a constant mass energy compatible with the relativistic energy-momentum tensor 
of the field results. 

Thus one finds, that the electron may totally be described by a massless charge field 
embedded in its own synchrotron radiation. Radiation wave and charge are confined 
into a volume with the dimension of the Compton wave length and form a wave also 
in classical physics. Moreover this circular wave appears for an observer as a standing 



wave with frequency 0) = c/Vg as described in section 6.3 When the particle moves 
with velocity and momentum p the amplitude of the standing wave propagates like 
a wave with the phase velocity of v p h = c/fi as proposed by de Broglie [2|. This 
amplitude wave has a wavelength of A = h/p and this discovery was the creation of 
wave mechanics. 

The electron is a dynamic object. It does not only behave like a wave. It is a wave. 



6 Appendix 

6.1 Synchrotron radiation of the electron 

A detailed discussion of the synchrotron radiation of the electron has been done by 
Iwanenko and Sokolov (24). The radiated power of relativistic electrons in spherical 
coordinates for the n-th mode, circulation radius a, and Bessel functions J n (z) is given 
by 



dP n = 



e 2 c-p 2 
AkEq ■ a 2 



coud)--y„(,.- + )3 2 (^ 



d Tl 

z = n j3 sin ft , and —J n (z) = / n _i (z) J n (z) 

az z 



shift dft, with (55) 
(56) 



For P = 1, integrated and summed over the equally weighted modes this leads to 



Pn = 



2 

e c 



4kEq ■ a 2 



■ Sum„ 



with 

Sum, 
Examples are: 



nmax r jz 







cot(i>) 2 -7„(n sin#) 2 

+[/„_! (n sin ft) - ^J„(n sin ft)} 2 



(57) 



sinftdft. (58) 



Sum\ = 0.45 ; Suni2o — 19.5 ; Sum\oo = 105 ; etc . 



(59) 



6.2 Solving the homogeneous wave equation in spherical coordi- 
nates 



When the wave equation for a vector field & 
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Vx(Vxj^) 



(60) 



1 <? 2 # 

is solved in spherical coordinates it yields directly the spherical components of the 
field. The equation separates in the variables when a product ansatz is made, e.g. for 



and with 



& r = A r -M r (x) ■ ® r ($) ■ 4>(<p) • 3T(t) 



(61) 



J(t) = e ±,m and 

=e ± *"» k = C0/c, kr = x. 



(62) 



One expects a source free wave field and one might subtract V(V^) in eqn. (60 1. 



This simplifies the equation, but has to be checked afterwards. The ansatz eqn. (62i 
eliminates the time and <p -dependence and the 3 following components remain: 



-A r ® r ^)^l x x 2 R r {x) 



d_ l d_ 

dx x* dx' 

. R r (x) 

n - r x 1 sm(6) 
" x 2 \ sin 



=-(^}«M«) 



5i9 



0. 



(63) 



2A r i? r (*)^0 r (#) 



+A„0, ? (tf)|^| 



<9i> sin(tf) 



sin(#)©#(#) 



-ImA^ix)^®^) 



sin(i?) 2 



= o, 



(64) 



2A r R r (x)^ r) ® r W 
+2mAMx)^2®A») 



-AyQipiV) 



d 7 d 



hA^(x)0 v ( J 5)(^±i ? -x 2 ) 



(65) 



One obtains special solutions with the Spherical Bessel functions h n {x) and the 
Associated Legendre functions if one chooses 
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R$(x) =h n #(x)+a#- 
Rq(x) = h mp (x)+a (j 

0,(0)=j£(d) 
0„(d) = J^(0) 
0,(d)=7f(d) 



(66) 



(67) 



and uses 



^-^-sin(^)^-P"'( 1 ?) = 
sin(#) <?# v 'dd " v ; 



; — rrr — tl(n + 1 ) 

sin(#) 2 v ; 



(68) 



d 2 & 2 

^— x -^-h n (x) = \n(n + \) — x ]h„(x) 
ox ox 



If one eliminates R r (x) from both eq. ( 64 1 and eq. (65 I, and sets R$(x) = Ry(x), 
and q — m one arrives at 



m/>™(i>) 



+A»R v (x)PZ(#)(-^-x 2 ) 
+2A <p mR <p (x)^ 



2mA#Ry(x)0§±P?(#) 



_pM( a\ 
'sin(#) 2 r L \V) 



•1) 



X 2 ]Pf 



= . (69) 



One gets now 2 solutions for eq. ( 69 1. One for which both the upper and lower 
cluster vanish separately, and the other one for which the left side of this equation 
vanishes on the whole. 



When these results are inserted into eq. (63 1 they determine R r (x), and div{,^) — 



restricts the values of the separation constants. Both solutions may represent solutions 
of the electromagnetic fields § and e.g. 



= 



= C H ■ {2m - \)P™Z{ Wh m (x)e^- k ^ 
= iC H -P^-\^)h m (x)e^- k ^ 



(70) 
(71) 
(72) 



4 = C*-(m + l)j£(d) 



n<p-kct) 



(73) 



24 



pin- 1 (.a\ 

= C E ■ : 7 ■ \{m + \)h m _ x {x) - mh m+l {x)]e^- k «) (74) 
2m + 1 



The Bessel functions may either be of the I st , 2 nd , or the 3 rd kind |[18| 119 



6.3 The de Broglie wave 

Many textbooks refer to the de Broglie wave just by the citation of his relation X —h/p. 
The derivation and a discussion is missing. He started from the existence of an internal 
clock in each particle and derived a wave with the wavelength X connected with the 
particle speed p. His arguments are repeated here for completeness in the context of 
the classical model. 

The internal structure of the electron in the present model is periodic in time e.g. in 
the laboratory frame with Cartesian coordinates (xq, yo, zo,to) like 

/, = cos((Bo?o) with (Oo^c/rg. (76) 

In addition the finite extension of the wave packet e.g. in xq can be expressed by a 
Fourier expansion (or a Fourier integral) like 

fx = Y J A n cos ( nk oxo)+B n sm(nk xo) (77) 

Fluctuations in time and space are neglected. 

Thus the wave packet may simplified be represented by the standing wave gener- 
ated by plane waves 

= cos(coofo) ■ sin(%xo) . (78) 
Lorentz Transformation into a system (x, t) which moves with v x = V is achieved by 

xo = y-(x-vt); t = Y-(t---x); y =y, zo = z; (79) 

c 



f5=v/c; y=l/Vl-j3 2 and coo/ko = c. 

and yields 



¥ = cos(a>oY-(t---x))-sm(coorB-(--t)). (80) 

C V 

The second factor represents the wave group. Its phase moves with the group velocity 
v ? , = dxjdt = v. The first factor may be considered as its amplitude whose phase 
moves with the phase velocity v p /, =dx/dt = c/j3. 

Quantum physics connects the energy with the frequency 

E = hcoo; E = YEo = hco, and with j3 = ^ (81) 

E 
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one obtains 

*P = cos(-t-^x)-sm(—x-^t). (82) 
n n he n 

Comparison with the phase of a wave ((Ot — 2n/X -x) yields the result of de Broglie 
that the amplitude behaves like a wave with: 

E . h 

(0 p h = j and A ph = - . (83) 

The charge in the present model is somewhere embedded in the wave with the proba- 
bility of its location given by the amplitude. 

The duration of an experiment in the view of the present model is determined by 
the arrival time of the wave packet and the interaction of the charge with an object. 
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